In this paper, based on the quadratic kernel function with three sections, which was defined by Liu in 2009, we establish some companions of perturbed Ostrowski-type inequalities for the case when
Introduction
In , Ostrowski [] established the following interesting integral inequality for differentiable mappings with bounded derivatives. The constant 
The constant
is sharp in the sense that it cannot be replaced by a smaller one.
For other related results, the reader may refer to [-] and the references therein.
The main aim of this paper is to establish some companions of perturbed Ostrowskitype inequalities for the case when
tively. For our purpose, we will use the quadratic kernel function with three sections (see (.) below) which was defined by Liu in [] . The special cases of the results we get offer better estimation than the conventional trapezoidal formula and the midpoint formula. These results can apply to composite quadrature rules in numerical integration and probability density functions. The effectiveness of these applications is also illustrated through several specific examples due to better error estimates.
Main results
To prove our main results, we need the following lemmas. 
Proof From (.) and the facts
We denote
If C ∈ R is an arbitrary constant, then we have
Furthermore, we have
we denote
If we choose y  = , then we get x  = a+b 
. If we choose y  = , then we get
We also have , we have
, we have 
Corollary . Let f be as in Theorem
Proof Let R n (x) be defined by (.). From (.), we get
If we choose C = f ((a + b)/) in (.) and use the Cauchy inequality, then we get
We can use the Diaz-Metcalf inequality (see
We also have
Therefore, using the above relations, we obtain (.). , we have
Corollary . Under the assumptions of Theorem
, we have
Corollary . Let f be as in Theorem .. Additionally, if f is symmetric about x
= a+b  , i.e., f (a + b -x) = f (x), then for all x ∈ [a, a+b  ] we have f (x) -x - a + b  f (x) + f (b) -f (a) b -a   x - a + b   + (b -a)   -  b -a b a f (t) dt ≤  π f    (a + b -x)  +   (x -a)  -(b -a)   x - a + b   + (b -a)    / .
The case when
where σ (f ) is defined by
and S is defined in Theorem .. 
Corollary . Under the assumptions of Theorem
Corollary . Let f be as in Theorem
.. Additionally, if f is symmetric about x = a+b  , then for all x ∈ [a, a+b  ] we have f (x) -x - a + b  f (x) + f (b) -f (a) b -a   x - a + b   + (b -a)   -  b -a b a f (t) dt ≤ σ (f ) b -a   (a + b -x)  +   (x -a)  -(b -a)   x - a + b   + (b -a)    / .
Application to composite quadrature rules
Consider the perturbed composite quadrature rules
The following results hold.
Proof Applying inequality (.) and (.) to the intervals [x i , x i+ ], we get
for i = , , , . . . , n-. Now summing over i from  to n- and using the triangle inequality, we get (.) and (.). 
where Q  n (I n , f ) is defined by formula (.), and the remainder R  n (I n , f ) satisfies the estimate
Proof Applying inequality (.) to the intervals [x i , x i+ ], we get
. . , n-. Now summing over i from  to n- and using the triangle inequality, we get (.).
Theorem . Let f : [a, b] → R be such that f is absolutely continuous on
Proof Applying inequality (.) to the intervals [x i , x i+ ], we get
. . , n-. Now summing over i from  to n- and using the triangle inequality, we get (.).
To illustrate the effectiveness of the perturbed composite quadrature rules (.) and (.), we compute the approximate values of several specific examples using these two rules and the composite trapezoidal formula respectively, and then we compare their errors. We get Table  , from which the power of these two rules in numerical integration is demonstrated due to better error estimates. The following results hold.
Application to probability density functions

Theorem . With the assumptions of Theorem ., we have
for all x ∈ [a, , we have
